Vectors



Definition

A vector is a quantity that has both magnitude and direction.
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Definition

Vectors are said to be equivalent vectors if they have the same magnitude and direction. /

Definition
The product kv of a vector v and a scalar k is a vector with a magnitude that is |k| times the magnitude of v, and
and opposite the direction of v if k& < 0. This is

with a direction that is the same as the direction of v if £ > 0,

called MM. If k=0 or v=0, then kv=0.

—

y
bod N

-y




V=<121%7
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40 W\%"L ‘Pﬂfﬂla]oJr% VW = <Z1’ { ’ % .f.zl>
triangle inequality.

[v+wl < v + [ wll



Rule: Component Form of a Vector

Let v be a vector with initial point (x;, y;) and terminal point (x,, y;). Then we can express v in component form as

V= (X=X, Yi—Yi) - —

e ——

@ 2.4 Vector w has initial point (-4, —5) and terminal point (-1, 2). Express w in component form.
2

W= <-4—(-4), 2= () >
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Definition

Let v= (x;,y;) and w= (x5, yo) bevectors, and let k& be a scalar.

Scalar multiplication: kv = ( kx|, ky; ) 2 <f,,4)> B (Z,6>

Vector addition: v+ w= (x;, y;) + (X5, y2) = (X + X9, ¥y +Y2)

@ 25 Leta= (7,1) andlet b be the vector with initial point (3, 2) and terminal point (—1, —1).
o Find flall= | F% (v -n\Z b= <=4~ 2,4 ~2>
} Express b in component form. = <H4, '%>
c. Find 3a — 4b.
Ja=to= 3 <ALy =4 4,727 214 B+IZY
<24, By — (N6, 1Ty = CETS,
-<32% 16>




Theorem 2.1: Properties of Vector Operations

Let u, v, and w be vectors in a plane. Let r and s be scalars.

1. u-+v
11. (u+v)+w
111. u+( =
1v. u+(—u)
V. r(sua)
V1. (r+s)u
Vi1. r(ua+v)
Viil. lu

-
O=<0,0>

vV+u

u+ (v+w)

u
0

-
(rs)u
ra + su

a—+ rv

u, Ou =

o)

Commutative property

Associative property

Additive identity property

Additive inverse property
Associativity of scalar multiplication
Distributive property

Distributive property

Identity and zero properties



S—

A unit vector is a vector with magnitude 1. V

u= 1 L [ V. We say that u is the unit vector in the direction of v
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@ 2.8 Let v= (9, 2). Find a vector with magnitude 5 in the opposite direction as Vv.

749727 = <9ﬁ-—2ﬁ:>
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i=10,1)
X
B
i = (1, 0)
Figure 2.18 The standard unit vectors i and j.

x¥

v=(xy) =(x0)+ (0. y) =x(L0) +y(0, 1) =xi+yj.
— ——



29 Leta= (16, —11) andlet b bea gij,vector that forms an angle of 225° with the positive x-axis.
-t -_ —_———

Express a and b in terms of the standard unit vectors.

A <r00$0/ rsva 07

a= 101 “11\] 0
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2.10 An airplane flies due north at an airspeed of 550 mph. The wind is blowing from the northwest at 50
: : =
mph. What is the ground speed of the airplane?

NW : g comne rule

0= b= Zbccos A BN X'= 14 = D thedy cos4G
¢ K= 122-HVZ

X :\I 122 -0

. hox<ho Vﬁz—-ﬂﬁ'




14. The vector v has initial point P(1, 1) and terminal
point Q that is on the x-axis and left of the initial point.

Find the coordinates of terminal point Q such that the

magnitude of the vector v is V10.
—

v

Vio = 1"+ x"
X=%




43. Calculate the coordinates of point D such that
ABCD is a parallelogram, with A(l. 1), B(2. 4). and

C(7, 4). —
'A_; 1S tqu)mbﬁ 4o EZ f_? :i)(‘-i/ Hﬂi}
—f(’]; I 'gz RC = C"’g=’<—+"z, L("'q>
:<6}07
(1 Cirg) A Ot 4o =400
() /E / x—L=f (x=6
5 (%,9) J=1=0 =+
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Definition

The three-dimensional rectangular coordinate system consists of three perpendicular axes: the x-axis, the y-axis,
and the z-axis. Because each axis is a number line representing all real numbers in [R , the three-dimensional system

is often denoted by 3—-§Fq(& KZ f)’ one.
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@ 2.11 Sketch the point (=2, 3, —1) in three-dimensional space.
\(j:—; is &« -P‘D}/l'( ) Z" QI,MQ"O
[=3 i o e in e

(X and 2 o€ }’}/ee)

(?(,"'7/'/ %)
paralle| to X% plane.




Theorem 2.2: The Distance between Two Points in Space

The distance d between points (x, y;, z;) and (x5, y,, z,) is given by the formula

d="(xy— x>+ 0=y  + (2 — 2>

2.12 Find the distance between points P, = (1, =5, 4) and P, = (4, =1, —1). (qulj’“‘zz')

= @-|\+(-L () + (= HD 22
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@ 2.13  Write an equation of the plane passing through point (1. —6)\ —4) that is parallel to the xy-plane.
/"’%ﬁ: /_;z.;.lf 2= is a V\q/\e Farﬂl\h\ 4o xtf-(JlW.
A e 2=-9 is the plane f«/ulel to Xy-Plate
7 i pges thrweh (1,-6, "4)
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Rule: Equation of a Sphere

The sphere with center (a. b, ¢) and radius r can be represented by the equation
(.Jvc—a)2+[y—t‘))2+(z—c)2 = r2

This equation is known as the standard equation of a sphere.



Rule: Equation of a Sphere

The sphere with center (a, b, ¢) and radius r can be represented by the equation
(.7c—a)2+(y—b)2+(z—c)2 = 72

This equation is known as the standard equation of a sphere.

2.14 Find the standard equation of the sphere with center (-2, 4, —5) containing point (4, 4, —1).

. C
r=|cp| = \@-(—-z)}l (=44 (1=C-5)° = (3¢ +0+16 =5z

(X+2)+ (4=4)+(2+8) = "= 72



2.16 Describe the set of points that satisfies (y + 2)(z —3) = 0. and graph the set.
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@ 2.17  Describe the set of points in three dlmensmnal
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space that satisfies x2 +(z—2)7 16 and graph the
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circe on xz-plane.
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@ 218 1o 5= (3. 8.2) and T = (2, —1, 3). Express ST in component form and in standard unit form.

{_<j_/0107
ST"' T"'S = (2_21_1#8: %“27 J=<0,1,°7

:(—1} _‘@Ii> k=<0,017
= 1 -9j+k




Rule: Properties of Vectors in Space

Let v= (xy, y;,2;) and w= (X5, y5. 2o ) be vectors, and let k be a scalar.
Scalar multiplication: kv = ( l(xl, i(yl, kzy )
Vector addition: v+ w= (x,y.2;) + (X0, V2 20) = (X + X0 Y| +V2 2 +27)

Vector subtraction: v—w = (X, y.2;) — (X2, ¥2.20) = (X =X, Y| = Y2 2| — 22 )

Vector magnitude: || v || = '\/le 24 Vi 24 2] 2
. . . . X Y1 <1 :
Unit vector in the direction of v: ——v = —1 (x1,v1,21) = { — , Yy, if v£0
vl v oo A A . A
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@ 219 Letv= (—1,—-1,1) and w= (2.0, 1) . Find a unit vector in the direction of 5v + 3w.

Bi4bw= 0=k L7+ <2087
-.:(-—'1_;_[7_/77_\'((/0137 =<1 79, 37
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80. Q,7,—-6) and M(—1, 3, 2), where M is the

midpoint of the line segment PQ ) O _‘_)( ~ ’q- -‘-\H 7/ _ —'é +Z
Q: 7 —' = "—_;L_ 9 = 7 1

Q(Krﬂl%) X-:---@ 8‘5 "1 "L"'f'{o
'P(—’ZI-L,fo)

82. Find initial point P of vector }?b =(-9.1,2)
with the terminal point at Q(10, 0, —1).

D0=T-F = to,0,~ty —< x4 7) = 42T
<{0-—-}(/“'j,"['_2'> :<_9’1'Z>
X':J'tb; U:""!-, %.;_3



109. Thepoints A, B, and C are collinear (in this order)

— — —
if the relation ||AB || + || BC| = || AC || is
satisfied. Show that A(5, 3, —1), B(-5, =3, 1), and
C(—15, =9, 3) are collinear points.



110. Show that points A(l, 0., 1), B(0,1,1). and

C(l, 1, 1) are not collinear.



