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Definition

Let f, g, and h be integrable real-valued functions over the closed interval |a, b]. Co M?O/‘Ln +W’§6
1. The indefinite integral of a vector-valued function r(7) = f(#)i+ g(t)j is
Jirwi+goiar=| [ fwoar]i+| [ewari &0
The definite integral of a vector-valued function is
b b b (3.8)
f [f()i+ g(t)jldt = {f f(t)dt]i + {f g(t)dt]j.
d d a

2. The indefinite integral of a vector-valued function r(f) = f(1)i + g(¢)j + h(t)K is

f f(Oi+g®j+ h(Dkldr = [ f f(t)dt]i + [ f g(t)dt} j+ [ f h(t)dt]k, (3.9)

The definite integral of the vector-valued function is

- b b b 3.10
f . [f(Oi+g(t)j+ h(t)kdr = [ fa f(r)dr]i + { fa g(t)dt] j+ [ fa h(t)dt]k. ( )



@ 3.8 Calculate the following integral:
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Find the unit tangent vector for the following parameterized

curves. ~ r‘ (‘t) = -—-611\{ i +695'£j +Cﬂ$é k

56.  r(f) =costi+sintj+sintk, 0<Lr7<27x. Two

———

~ |
views of this curve are presented here: “ rl (‘t\“ = “ 6', AL-& -{' 9721 L_e +' 60526
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63. Find /(1)s 1) forr(t) = =31 i + 5¢j + 21 k.
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70. Find the antiderivative of r ('t) -
r’(t) = cos(21)i— 2sintj +

k that satisfies the
| +¢2

initial condition r(0) =3i—-2j+ k.
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Given the vector-valued function
r(r) = (tant, sect, 0 ) (graph is shown here), find the

following: 90. Velocity rl('b) = <SCC'%/ Ska‘l’ﬂﬂ(:, O>
91. Speed ” r'v.&)" -:VSC(l_é (5(51‘6-1-1':217‘/:)

92. Acceleration
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Evaluate the following integrals:
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Theorem 3.4: Arc-Length Formulas

I. Plane curve: Given a smooth curve C defined by the function r(fr) = f(#)i+ g(¢) j, where t lies within the

interval [a, b], the arc length of C over the interval is l /‘6) f (e)' 4 3 /f) j
s—f VIr oF +1s (t)zdt—f @ || dr.

ii. Space curve: Given a smooth curve C defined by the function r(t) = f(¢)i+ g(#) j + h(t) k, where ¢ lies

(3.11)

within the interval |a, b], the arc length of C over the interval is

- b (3.12)
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@ 3.9 Calculate the arc length of the parameterized curve \\
r()= (20°+ 1,207 1,17 ), 0<1 <3.
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Theorem 3.5: Arc-Length Function

Let r(f) describe a smooth curve for # > a. Then the arc-length function is given by

t 3.14
sm=Lnﬂmnw. e

ds
o dt

from the starting point at f = a.

arc-length Dor apetpation

Furthermore = || r'(t)|| >0.If ||[r'(z)|| =1 forall t>a, then the parameter t represents the arc length




@ 3.10 Find the arc-length function for the helix
r(z) = ( 3cost, 3sint, 4t ).t > 0.

Then, use the relationship between the arc length and the parameter ¢ to find an arc-length parameterization of
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Definition

Let C be a smooth curve in the plane or in space given by r(s), where s is the arc-length parameter. The curvature
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Figure 3.6 The graph represents the curvature of a function

y = f(x). The sharper the turn in the graph, the greater the ris l ar9 er

curvature, and the smaller the radius of the inscribed circle. K is sm v/




Theorem 3.6: Alternative Formulas for Curvature

If C is a smooth curve given by r(¢), then the curvature x of C at t is given by

e AT (3.15)
| (o) ||
If C is a three-dimensional curve, then the curvature can be given by the formula
_lIroxrm| (3.16)
'@ ||

If C is the graph of a function y = f(x) and both y" and y” exist, then the curvature « at point (x, y) is given by

| (3.17)
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@ 3.11 Find the curvature of the curve defined by the function

y=3x2—2x+4

at the point x = 2. \(/, = éX"’ ?,
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Definition

Let C be a three-dimensional smooth curve represented by r over an open interval I. If T'(¢) # 0, then the principal

unit normal vector at t is defined to be |
L 13 i &)
__T® )= L — B
NO=TToT L O\

The binormal vector at t is defined as

—

B(7) = T(#) x N(2),
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where T(7) is the unit tangent vector.




3.12
@ Find the umt normal vector for the vector-valued function r(7) = .t 3t 1 + (41 + 1) j and evaluate it

at t = 2.
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3.13 Find the equation of the osculating circle of the curve defined by the vector-valued function
y=2x2—4x+5 at x = 1.
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