4.2 | Limits and Continuity
Definition CWC(L 03: r’ﬂAMS 8

Consider a point (a, b) € R>. A & disk centered at point (a, b) is defined to be an open disk of radius & centered

H

at point (a, b) —that is,
[x. y) e RY(x—a)? + (y = b)* < 57
e-neighborhood ————
as shown in the following graph. ofL g 1 |
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Definition #mﬁ,( (Jzy&/[ﬂp,. agl Limi'f

Let f be a function of two variables, x and y. The limit of f(x. y) as (x, y) approaches (a, b) is L, written

lim x,v)=1L
w0 b)f( y)

if for each € > 0 there exists a small enough & > 0 such that for all points (x, y) ina & disk around (a, b), except

possibly for (a, b) itself, the value of f(x, y) is no more than ¢ away from L (Figure 4.15). Using symbols, we

write the following: For any € > 0, there exists a number 6 > 0 such that

|f(x, y) — L| < e whenever 0 < '\.u'!(x —a)’+(y-b?<é

/nfv/mul[ﬁ s says £(xy) afap/oacf@s | [/im:'-l)
«s  (x,Y) qpfroaohes ‘o (a,b)



Constant Law:

Iim =
(x, y) = (a, b)

Identity Laws:

lim XxX=a
(x,y) = (a. b)

11 =b
(x, y) E>~n(a. b)y
Sum Law:
lim  (f(x, y)+gx, y)=L+M
(x, y) = (a, b)

Difference Law:

Iim  (f(x.y)—gkx.y)=L-M
(x, y) = (a. b)

Constant Multiple ]

lim cf(x, — 2L
L z?)( f(x. y))

Product Law:

lim  (f(x, y)g(x, y))= LM
(x, y) = (a, b)

Quotient Law:

im L&Y Lgiarao
(x,y)— (a. b)glx,y) M 7

Power Law:

lim  (f(x, y))*=L"
a, b)

(x. y) = (

for any positive i

Root Law:

lim  Vf(x, y)=VL
a. b)

(x, y) = (



7
61. lim ﬂ:’_ 512’ c %:"Z

(. y) = (1. 2)x7 4 y? [t 4T

@ 4.6 Evaluate the following limit:

Joxi—y ﬁ'{—) 3( -:.--:5—-
lim -\' .= = (X 7.

(x, y) = (5, —q)y +x—] q_i_,[?_...i

@ 4.7 Show that
),
O

llm (-x 2)(})_ 1) - -
=2 Dx=2)2+(y—1)

does not exist. 'H'\'S bM\{' Jo.es V\°+ 'ex"ﬂ- .




Definition

Let S be a subset of R? (Figure 4.17).
—

1. A point Py is called an interior point of § if there isa ¢ disk centered around P contained completely in

S.

2. A point P, is called a boundary point of § if every ¢ disk centered around P, contains points both inside

and outside S.




Definition

Let S be a subset of R? (Figure 4.17).

X

1. § is called an open set if every point of § is an interior point.

2. § is called a closed set if it contains all its boundary points.

(_{’I »D orm indtsya | xﬂl_‘,a"s |
[—L, | olosed inderyal —L




Definition

Let S be a subset of R> (Figure 4.17).

1. An open set S is a connected set if it cannot be represented as the union of two or more disjoint, nonempty

open subsets.

2. Aset § isaregion if it is open, connected, and nonempty.

28




Definition

Let f be a function of two variables, x and y, and suppose (a, b) is on the boundary of the domain of f. Then,

the limit of f(x, y) as (x, y) approaches (a. b) is L, written

lim X, y)=1L,
(x, y) = (a, b)f( »)

if for any & > 0, there exists a number & > 0 such that for any point (x, y) inside the domain of f and within a
suitably small distance positive & of (a. b), the value of f(x, y) is no more than & away from L (Figure 4.15).

Using symbols, we can write: For any & > (), there exists a number & > 0 such that

|f(x, y) — L| < £ whenever 0 < '\/r(x — a)2 +(y — b]2 < 4.



@ 4.8 Evaluate the following limit:

im 129 — x2—y2

2 = 24) _ X?_.__ 2 (x.y) = (5. -2) ) |
DOMV“M : = \/29 ~(5)~(-2)"*

TENIRSSIN 9§ i
(‘4—)—7’) s @ bounolaij Po‘,,d.

)("'1-31’4 =29



Definition

A function f(x, y) is continuous at a point (a, b) in its domain if the following conditions are satisfied:
Confunaity

1. f(a. b) exists.

2. f(x V) exists.
(x, y) (a

- y)—>( b)f & y) = J1a, 5); 2,-7'+2)<7'+th=-' 24 ej[]ffﬁ 0201

@ 4.9 Show that the function f(x.y) = Vll26 —2x7 - yzo is continuous at point (2, —3).

£ = \(26-2.8%(3* =2 = 3 o

DomaM Z)g'+U7'< 26 Q;M f(k,gb - ygg_.g_.; = 3 -.-f(z{-z)

dll se U —(2-32
'IMQ_(E\or (lH ({ ) ,_‘_ 'S Con l//)uOuS o

(2,~%)




The Sum of Continuous Functions Is Continuous

The Product of Continuous Functions Is Continuous

The Composition of Continuous Functions Is Continuous

[x] s mn:z cannot curenty be displaye.

5‘[\(’(?1) Xj’33+%X53'L1 “condmuous
ﬂo‘tj) e -\'Jeﬂ)( 1§ cortinaous  on (O ob)x(-—oa ob)

x J
9054) = Y i Qng

1+ 1 A
h(X\vj)- is T N fous  When d,)(
/

7




@ 411 pipg lim V13 —x2 = 2y2 4 22

(x, y,2)— (4. -1, 3)

=\(3-4%=2+%* = VG =2

sin X
65. lim Smx m - o - i
(x. y) = (0. 1 1' X

X0



98. Create a plot using graphing software to determine
where the limit does not exist. Determine the region of

1

xz—y

1S

the coordinate plane in which f(x, y) =

continuous.

£ s undefined M%(X,\D | 8"'7&%

i1 15 Contiavous

O e polats 24 e
P&ru\gokﬂ' ‘dﬂcm




4.3 | Partial Derivatives

Definition

Let f(x, y) be a function of two variables. Then the partial derivative of f with respect to x, written as o f/dx,

or fy isdefined as

}[' < Of _ i xRy - fxy) (4.12)
X - dx h—0 h ’

The partial derivative of f with respectto y, writtenas df/dy, or f,, isdefined as

3(' O _ iy Ly K= fx ) (4.13)
J

dy

Col talus l (H'h)"‘ (X F(x9) = X =y¥ryx—X
!u.ﬂ@ ~£0) eyt




@ 4.13 Calculate 0f/0x and 0f/dy for the function f(x,y) = tan(x3— 3x2y2+2y4) by holding the

opposite variable constant, then differentiating.

}G“f [zgx w"fl"l—”? fo be tonstant dff(/t’ﬂ'}"ﬂff U/’H\ /fs,o(cf )(o,k.

- 1 bbanu)= selu . U
fx"' %flﬁ&ei’( Y |30 b | e s constont

T R AL I
J




@ 4.14  Use a contour map to estimate df/dy at point (0, V2) for the function
fla y) =2 =y

%
Compare this with the exact answer. F) — ( O,
(2 i3 cose ¥ % £(°r s 7*0 ¢ T :‘l/,fj(of \E)

3 3
st M5 10,3, 1 ) 3 i
x Yy ? _"2"("?{') v 1 --2.9




Definition

Let f(x. y, z) be a function of three variables. Then, the partial derivative of f with respect to x, written as d f/d x,

or fy, isdefined to be

— af_ - f(x"l'hsys )_f(xsys )
fx = lim < 24

h—= 0 h

The partial derivative of f with respect to y, writtenas df/dy, or fy, isdefined to be

f{f o JE Ytk D)= fay. )

—>0 k

The partial derivative of f with respect to z, written as d f/dz, or f,, isdefined to be

#‘% = O _ i Sy ztm = fny D)

0z m—0

a((xzﬂz%)"’ )( % ___th_\_ 2” fd

_ z_ z—f’%i
fx - Q—X% < X Zd

(4.14)

(4.15)

(4.16)



&7 416 Calculate 0f/0x. 0f/dy. and 0f/0z for the function f(x, y. z) = sec(x2 y)

£ O 6\2’60){-: Sec g . U

/



Higher-Order Partial Derivatives

ot- 0] -] A -4l

O{XX fjx F[iﬂj V{YJ The orcr i's

/\oqL MODU(WH‘
ﬂ—p)(j fx)(j }fyxx Xyx V#(Xg) X\'j X ""tf

= Iy + 24 Fr 5
fiy—-: 2%+ 7 T




@ 4.17 Calculate all four second partial derivatives for the function
f(x, y) = sin(3x — 2y) + cos(x + 4y).

}(‘x = cos( 9x-23)- % — sin(xt4y)- 1
fj _ Los(%x- zd),(-—z) — Sin (xflfg). 9

#XX . —65/’(3)('2‘:{3'(5 — (oS (><+4g)
JEXU - — 5 (3)("' Zj} ("Z)(a — 05 (X’quj).éf )

fdx = — 9/\(32(*233 .2 (—z) "‘605()&45). 4
fyy = 7 (3x-24) -DX-2) —cos(xtiy). 99



128, Let f(x,y) ==

£(2, =2).

Fx=

=5 Find f(2 —2) and

3(?<"'j) "(ij) b e'uO‘HenT
(x-9)*




@ 4.18 Verify that u(x, y, t) = 2 s.in(%)sin(%)e_25 16 s a solution to the heat equation

u; = 9(uxx + u},y).



