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4 Motion In space



108. Find the arc length of the vector-valued function

/ 'f opn
r(f) = —fi+4zj+ 3k over [0, 1]. o F{ﬂ r§ Lire seqrmen
- st (0/0,0) 69‘7('4, 4 2)

Lo L /
J-—-';S_“r(t)“ dk J:j@Jf = \(ZZ{;{ :\(2_6‘1,
0

0
POl =\ (443" =\

rle)= <9007 + 44,2



107. Find the length of one turn of the hehx given by ‘ _
r(t) = %cosn+%smt.] %45" D< ,t £ 210 r (‘6) -
o7 Utst,
_ siatt 75 1 2 _
Irlel= Z=="+ 7 -
AL
:S v db= & = 21
o 0
. )=
X~ i 605(.’ t 0/ y'(o
v g2l r(m)



115. Given r(t) = ( 2¢', e’ cost, e'sint ), determine

;f;ei Eanent vector T(7). r'[f,) < Ze'é e‘t .f._l_et(_g«mf) 6t§'ﬂt 'f‘etc,9567
I(&) — ﬁ__ f t 5)4-61-6996
T(e)= A < Z, (o3t JFZM

”f({’. ” N I[‘f)l" e/ \{z+ ((,os{',*-ﬂn )-f—(éin{:i‘cdsﬁ)

= ¢* \DH X ’M{-+5M26 t ol + Lsutast ros't

_ b Sinlg kCost= | (ost—snt, SETET
=€ q4+4+1 ) / T(_t> — < 1’/ _

Y0




120. Find the unit tangent vector T(7) and unit normal T( ) _ l(t) ” ( -) Trlﬁ)
vector N(f) at =0 for the plane curve I l(t]” { 'rf L
r(f)= (13 —41, 51> =2 ) The graph is shown here: l r { ( J

y'{ ‘(‘6) <Z‘£ "“'4 1'067 {o)._,<“LI/O>
(F©1- \\ #-4) "t ) T(0) = {~1, 07

—
—60 —40 —20 20 40 60 X
~20

T-=< (-"’—/07 = -



130. Find the  curvature of  the curve t}( “’T a\ "r (t) xr "{6,')“ \5" l

r(?) =‘5'COS f +ﬁsin tj at t=a/3. (Note: The graph is \ 3 -2
an ellipse.) “{‘ {t“\ “ g (’{')“ [H’ (3 ) l /%
dh

) = (-Tsut, 4@54«7




(€)= <5 cost, ‘!91415 0 7 l ) J I
MO RXSUES biost, 0y ey |-Gk Gust ©
(L) =<0 ¢t ) ~ &4t ,0 ) rﬁ cosE -4(94‘(:/0

= 1,0 --\1. Otk (losm"’w’w(os’%)

-—

I ) x ! {: | 20 91(

S (v @l 3




3.4 | Motion in Space

Definition

Let r(#) be a twice-differentiable vector-valued function of the parameter ¢ that represents the position of an object as

a function of time. The velocity vector v(7) of the object is given by

Velocity = v(r) = r'(1). (3.20)
The acceleration vector a(z) is defined to be

Acceleration = a(f) = v'(t) =r"(f). (3.21)

The speed is defined to be

Speed = v(t) = “ v(t) l|( =@ = % (3.22)

p——



3.14 A  particle moves  in a  path defined by the vector-valued  function

r(t) = (r2 — 3t]i + (2t —4)j + (r+ 2)k., where t measures time in seconds and where distance is measured in
mm—

feet. Find the velocity, acceleration, and speed as functions of ti@e,
VO =)= (h-2)i+ 2+ Ll veloaty
alt) = J'@) = 2.1 acceleraton

] /’r-

vy = lly )] = \J (=) 2t = \f (1£-9) 5  Speed




Theorem 3.7: The Plane of the Acceleration Vector

The acceleration vector a(f) of an object moving along a curve traced out by a twice-differentiable function r(7) lies
in the plane formed by the unit tangent vector T(#) and the principal unit normal vector N(#) to C. Furthermore,

a(f) = v ()T() + @Nm.

e’
Here, v(f) is the speed of the object and « is the curvature of C traced out by r(7).

| vie)
/Tra]ectory T(7) : tangential component of acceleration arp

_______ pmitimisananni

N(z) normal component of acceleration an

Lue)” K

Figure 3.13 The dashed line represents the trajectory of an object (a
car, for example). The acceleration vector points toward the inside of the
turn at all times.



Theorem 3.8: Tangential and Normal Components of Acceleration

Let r(f) be a vector-valued function that denotes the position of an object as a function of time. Then a(f) =r"(f) is

the acceleration vector. The tangential and normal components of acceleration at and ap are given by the formulas
a T=allITH cos € ap=arT=-Y2 T= rie) v oo
el Tvl

e Il 50

ay =aeN =YXl _ /52 (3.24)
vl
These components are related by the formula
a(r) = apT(t) + anN(@). (3.25)

Here T(7) is the unit tangent vector to the curve defined by r(f), and N(¢) is the unit normal vector to the curve

defined by r(7).



@ 3.15  An object moves in a path defined by the vector-valued function r(f) = 4i + 12 J- where t measures

time in seconds. .{)Q{(g\oo (@ Z,é
a. Find ag and ay as functions of t. V(_E),; rl[_t) - [‘; -(—ZéJ = 4Cf/ tl{?
- O
b. Find a and ay attime = —3. Q(-é,): rll(k'n -~ Z\'& =< O/ / >
oo Ved _40fUETO0 2" .
LTIV z | T
N~ Vrae | terdd a4 ;1, o |=i0-jorkat
0 “\/X““ H‘U T3 ol O &0
N “V“ QLH{;L qT '5) W i \ﬁ;;
_ AL oo



Initial position —— .

Acceleration (gravity)

Distance (height)

Flnal posmon —

Figure 3.15 An object is falhng under the influence of
gravity.

F=M=nnj

ol4)< N
“[{:):33'&“'\[0 ( \{059 cf'b, iﬂl‘ﬁnl

V(&) =9t
rl)= 17:3{"+ P



Projectile Motion

i V. =V
X Ox . .
v — Constant horizontal velocity;
y Constant vertical acceleration
f”’--—-‘ _-‘\hu‘\-
P S _ s(t
y V=V, (1)
VD x"’ Vx = VUX H N\
d', .
v.| / B
0}’ ; \\ —
Lo b . V, =V,
: | X
Vo, \
| = o= *\
R ¢
V. =-V "
y Oy

Figure 3.16 Projectile motion when the object is thrown upward at an angle 6.

The horizontal motion is at constant velocity and the vertical motion is at constant
acceleration.

Vo = vgcosfi+ vysindj.

—

( s(f) = —%gtzj + Vot + 507

—%gtz Jt+vgtcosli+vyisindj

votcosfi+vytsindj— %gfz J

votcosfi + (vo 1sinf — %gtz)j.
—— /



3.16 An archer fires an arrow at an angle of 40° above the horizontal with an initial speed of 98 m/sec. The
height of the archer is 171.5 cm. Find the houzontal distance the arrow travels before it hits thegro\und?“

s

v, = 9% 1k | \/ V9o’ = 9%. ualio” % 63 M
9"‘“’ - (B 2V, s g0 = 5% o540 % 1544,
5{&\
12 e L “.,\-:W V= b2t EIE
el A% v — (215 =
A "3" g e
—_— l‘.%

{ —






