4.4 | Tangent Planes and Linear Approximations

Definition

Let Py = (x(. yo. 2¢) be a point on a surface S, and let C be any curve passing through P, and lying entirely in
S. If the tangent lines to all such curves C at P, lie in the same plane, then this plane is called the tangent plane to

S at P, (Figure 4.27).
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Definition

Let S be a surface defined by a differentiable function z = f(x, y), andlet Py = (x(, yy) be a point in the domain
~— ~—

of f. Then, the equation of the tangent plane to § at P is given by

At = f(xo Yo + fx (g )X — Xg) + fy (ko Y0) — o). / (4.24)
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4.19 Find the equation of the tangent plane to the surface defined by the function
f(x,y) = X3 —xzy + y2 —2x+ 3y —2 at point (=1, 3).

-t = -1-3494249-2 = 4 2o 2059
fu= -y Z < {4+ F(x+0)+3 (4-2)
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Linear Approximations
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Definition

Given a function z = f(x, y) with continuous partial derivatives that exist at the point (xq, yg).

approximation of j at the point (x, yg) is given by the equation

#Y)( 'j) N, L y) = f(xg yo) + fr (X )X = X0) + fy (%0, Y0¥ = ¥o).

Surface
z=(x,y)

Tangent plane
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@ 4.20 Given the function f(x, y) = es B 2x+3y, approximate! (4.1, OB! using point (4, 1) for (xg. yq).

What is the approximate value of f(4.1, 0.9) to four decimal places? XD 30

L(x, y) = f(xg. yo) + fx (X0, y)(x — x0) + fy (X0, Yo)¥ — yo)
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For the following exercises, find the equation for the
tangent plane to the surface at the indicated point. (Hint:

Solve for z in terms of x and y.) - - =
Z =-‘f()(a |10‘)+f){ ~
/

171. z=—-9x> = 3y2, P(2. 1, =39)
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Differentiability
Definition
A function f(x, y) is _c_lijigmnﬁahle at a point P(xg, yq) if, for all points (x, y) ina é disk around P, we can

write

fx.y) = f(xg. yo) + frx (xg. Yo)(x — x0) + fy(xg. yo)(y — yo) + E(x. y). (4.26)

where the error term FE satisfies
P

lim ,. S =il
(x. y) = (xq. yO)’v'(x — x0)2 + (- yo)z
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4.21  Show that the function f(x, y) = 3x — 4y2 is differentiable at point (—1. 5).
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Theorem 4.6: Differentiability Implies Continuity

e ————————

Let z= f(x, y) be a function of two variables with (x,, y,) in the domain of f. If f(x, y) is differentiable at
(X0 ¥o). then f(x, y) is continuous at (xq, y).

Theorem 4.7: Continuity of First Partials Implies Differentiability

Let z= f(x, y) be a function of two variables with (x(, yy) in the domain of f. If f(x,y), fy(x,y). and

fy (x, y) all exist in a neighborhood of (x(, yy) and are continuous at (x. yy), then f(x, y) is differentiable there.

—



Differentials (¥ “Jj
Definition
Let z = f(x, y) be a function of two variables with (x(. y,) in the domain of f, andlet Ax and Ay be chosen so

that (xy+ Ax, yo + Ay) is also in the domain of f. If f is differentiable at the point (x(, yo), then the differentials
dx and dy are defined as
dx = Axanddy = _A_:‘.i

—

The differential dz, also called the total differential of z = f(x, y) at (xg. yg). Iis defined as

dz = fxg, X+ fyCxo. vouly (4.27)
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4.22  Find the differential dz of the function f(x, y) = 4y2 + x? y — 2xy and use it to approximate Az at
point (’1, —/l). Use Ax =0.03 and Ay = —0.02. What is the exact value of Az? =

dz = T+ (o yo)dx + fy (¥, yo)dy | Az = g+ Ax yo + Ay) = fxg. )
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For the following exercises, as a useful review for ( — l — l 0)
techniques used in this section, find a normal vector and a [ e

tangent vector at point P. N % - X'b_l, th + (jz-- Z no/:le
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For the following exercises, find the equation for the 7

tangent plane to the surface at the indicated point. (Hint: ¢{_ q
Solve for z in terms of x and y.) _ {é{ e ?K y
| 7x2 + 4y fx - X 7 7
174. z=e ., P@O,0,1)
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For the following exercises, find parametric equations for

the normal line to the surface at the indicated point. (Recall
that to find the equation of a line in space, you need a

point on the line, Py(xg yp. Zg). and a vector

n= (a, b, c) that is parallel to the line. Then the

equation of the line is
X—xg=at,y—yo=>bt, z—z45=ct.)

183. z=>5x>=2y% P2, 1, 18)




196. The volume of a right circular cylinder is given by
V(r, h) = zr>h. Find the differential dV. Interpret the

formula geometrically.



197. See the preceding problem. Use differentials to
estimate the amount of aluminum in an enclosed aluminum
can with diameter 8.0cm and height 12cm if the

aluminum is 0.04 cm thick.



For the following exercises, find the linear approximation
of each function at the indicated point.

208. f(x, y) = e cosy; P(0, 0)



For the following exercises, find the linear approximation
of each function at the indicated point.

207. f(x,y)=xyy. P(l.4)



