4.6 | Directional Derivatives and the Gradient
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Three-Dimensional eTrec U erivatives

The definition of a gradient can be extended to functions of more than two variables.

Definition

Let w = f(x, y. z) be a function of three variables such that fy. fy. and f; exist. The vector V f(x, y. z) is called
——— e — . v L -

the gradient of f and is defined as
Vi y, 2) = fx(x y, i+ fy(x, ¥, 2j + fz(x, y, Dk (4.40)

V f(x, y. z) can also be written as w'(x. ¥, 2).

:/2 a‘}?‘ ) f\‘j/ £%7

i3




281. Find the gradient of f(x, y, z2) = xy+yz+ xz at

point P(1, 2, 3).

Vf <fx Fy. o= 4z, Xt YK = <2+%41+2 ;ﬂi

Theorem 4.15: Directional Derivative of a Function of Three Variables

Let f(x, y.z) be a differentiable function of three variables and let u = C0os a ai + cos [)’ j + cos YK be a unit vector.

—_—
Then, the directional derivative of f in the direction of u is given by Un ;-I— l'&:')f"/'

(4.42)
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fx(x, y, 2)cosa+ fy(x, y, 2)cos f+ f-(x, y, 2)cosy.
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4.7 | Maxima/Minima Problems

Learning Objectives

4.7.1 Use partial derivatives to locate critical points for a function of two variables.

4.7.2 Apply a second derivative test to identify a critical point as a local maximum, local minimum,
. . " e —————
or saddle point for a function of two variables.

4.7.3 Examine critical points and boundary points to find absolute maximum and minimum values
for a function of two variables. e p———
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Definition

Let z = f(x, y) be a function of two variables that is defined on an open set containing the point (x, yg). The point

(X, Vo) 1s called a critical point of a function of two variables f if one of the two following conditions holds:

, I
Lo fx(xg ¥o) = fy(xg, o) =0
-_—Av/
3, Either fy(xq. yg) or fy(xg. yo) does not exist. ofr C( of _),
—— 21

ihf‘f 4.34  Find the critical point of the function f(x, y) = x° 4 711 — 2x — 4y.
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Let z= f(x, y) be a function of two variables that is defined and continuous on an open set containing the point

e

(X0, Yo)- Then f has a local maximum at (x, yq) if
- ("--__ =

f(xXg. y0) 2 f(x, y)

for all points (x. y) within some disk centered at (x, y,). The number f(x,. y,) is called a local maximum value.
If the preceding inequality holds for every point (x, y) in the domain of f, then f has a global maximum (also

called an absolute maximum) at (xq, y)-

The function f has a local minimum at (x,. y) if

e

f(xg. yo) < flx. y)

for all points (x, y) within some disk centered at (x. yy). The number f(x(. y,) is called a local minimum value. If
the preceding inequality holds for every point (x, y) in the domain of f, then f has a global minimum (also called

-
an absolute minimum) at (xq. yq)-

It f(xp yo) is either a local maximum or local minimum value, then it is called a local extremum (see the following

figure).




Theorem 4.16: Fermat’s Theorem for Functions of Two Variables

Let z= f(x, y) be a function of two variables that is defined and continuous on an open set containing the point

-F—.-
(Xg» ¥o)- Suppose f, and f}, each exists at_(x(, yg). If f has a local extremum at (X0, ¥o)- then (xg, yg) is a
critical point of f. ( MQKI MMB
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Figure 4.47 The graph of z = '}.-'IIﬁ — %% — }-*: has a

maximum value when (x, y) = (0, 0). It attains its minimum
value at the boundary of its domain, which is the circle

> )
x“ 4y~ =16.
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Definition ?elw\&

Given the function z = f(x, y), the point (x, yo. f(xg, yg)) is a saddle point if both X(xo. yp) =0 and

fy(xg. o) =0. but f does not have a local extremum at (x, y). (6' M lqr -(-.‘ "Mﬁ{d-‘-ioﬂ ‘)o\ll*")




Second Derivative Tes discriminant D
D

Theorem 4.17: Second Dﬁfi'i"ﬁ:‘ﬂii‘tfﬁ%j&_ﬁjk
—-"‘7

Let z = f(x, y) be a function of two variables for which the first- and second-order partial derivatives are continuous

on some disk containing the point (x(, yg). Suppose fy(xgy, vg) =0 and fy(xq, yg) = 0. Define the quantity
—= = T ———(rHal poit-
(4.43)

D= .W-’fu- Vn){ﬁ X0ps Y0o) _(f (X0 ‘*n))b

. If D>0 and fyy(xqy. yg) >0, then f has a local I'I]lI]IITlle at (xq, o)
EREES=E

. If D >0 and fy,(xq. yg) <0, then f has alocal maximum at (x. y).

ii. If D <0,, then f has asaddle point at (X0, Yo)-

Iv. If D = 0. then the testis inconclusive.
-—/-——




Problem-Solving Strategy: Using the Second Derivative Test for Functions of Two Variables

Let z = f(x, y) be a function of two variables for which the first- and second-order partial derivatives are continuous

on some disk containing the point (x(, y,). To apply the second derivative test to find local extrema, use the following

steps:
1. Determine the critical points (x(. y,) of the function f whire fy(xy. yo) = fy(xg. yo) =0. D 'i_s_cid any
points where at least one of the partial derivatives does not exist.
————
2. Calculate the discriminant D = fy (X, yo)fyy (Xg. Yo) — ( Jxy (X0, y“)]:I for each critical point of f.

e ——————
3. Apply Second Derivative Test to determine whether each critical point is a local maximum, local
minimum, or saddle point, or whether the theorem is inconclusive.

D>0 f—XX7O MAI/\UM
D>O0 Py <O popfa

cadd(e
I?DE-% \ Aco r\clﬁl\le




E’ 4.35 Use the second derivative to find the local extrema of the function
.4

fx, y)= x>+ 2xy— bx - 4}?2.
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Assume z = f(x. y) is a differentiable function of two variables defined on a closed, bounded set D. Then f will
t . = ,

attain the absolute maximum value and the absolute minimum value, which are, respectively, the largest and smallest
values found among the following: e [oA cd(wlug 1
p, V€ ¢r thicol

I. The values of f at thewum of f in

li. The values of f on the boundarz of D. m @ EZ <l
|
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be a continuous function of two variables defined on a closed, bounded set D, and assume f is

Let z= f(x, y)

differentiable on D. To find the absolute maximum and minimum values of f on D, do the following:

1. Determine the critical points of f in D.
'——-’-—"-‘_________ :

2. Calculate f at each of these critical points.
-—_———-“--I
e —

3. Determine the maximum and minimum values of f on the boundary of its domain.

M

4. The maximum and minimum values of f will occur at one of the values obtained in steps 2 and 3.




kf 4.36 Use the problem-solving strategy for finding absolute extrema of a function to find the absolute extrema
of the function

fx, y) = 4x* — 2xy+ 6_1-*2 — $X 42y +3 }

on the domain defined by 0 < x <2 and -1 <y < 3.
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345. Find the absolute maximum and minimum values

of  flx.y)= X%+ }‘2 - 2y+1 on the region (,’ M\N

R = {(x, }*’)‘}:2 +y* < 4}, ) ..\.Iw‘ ol
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4.8 | Lagrange Multipliers

Theorem 4.20: Method of Lagrange Multipliers: One Constraint

Let f and g be functions of two variables with continuous partial derivatives at every point of someg

containing the smooth curve g(x, y) = 0., Suppose that f. when restricted to points on the curve

M
has a local extremum at the point (x(, y,) and that V g(xq. yo) # 0. Then there is a number A callec
— I —
~— —a -

multiplier, for which

V f(xg. yo) = AV g(x¢. yo).
— L —
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1. Determine the objective function f(x, y) and the constraint function g(x, y). Does the optimization problem

involve maximizing or minimizing the objective function?
2. Setup a system of equations using the following template:
V f(xg, yo). = ‘;IVg(..r“. yo)
8(xg. yo) = 0.
3. Solve for x; and y,,.
4. The largest of the values of f at the solutions found in step 3 I]‘li}_(—imiz.% f. the smallest of those values

minimizes f.




hﬁ' 4.37 Us the mthd of Lagrange mu ltpl to find the maximum value of
f(x, ¥) = 9x” + 36xy — 4y — 18x — 8y subject to the constraint 3x + 4y = 32
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