Theorem 3.9: Kepler’s Laws of Planetary Motion

i. The path of any planet about the Sun is elliptical in shape, with the center of the Sun located at one focus of
the ellipse (the law of ellipses).

ii. A line drawn from the center of the Sun to the center of a planet sweeps out equal areas in equal time intervals
(the law of equal areas) (Figure 3.18).

lil. The ratio of the squares of the periods of any two planets is equal to the ratio of the cubes of the lengths of
their semimajor orbital axes (the law of harmonies). Planet's Orbit IO
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@ 3.17  Titan is the largest moon of Saturn. The mass of Titan is approximatelyml 35%10% kg. The mass of

Saturn is approximately/\j‘éﬁSX 1026 kg. Titan takes approximately 16 days to orbit Saturn. Use this

@

information, along with the universal gravitation constant G = 6.67 X 10" m /kg - sec? to estimate the
-
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distance from Titan to Saturn.
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Find the velocity, acceleration, and speed of a particle with

the given position function. - w't.)-: r I(é) < < (o S{: ( d' , _'S{né 7

162. r(t) = ( sint, t, cost ) . The graph is shown here:
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163. Thezposition function of an oobject. is given by \,(.é) _ <Z‘é h_ Zt __ié >

r(f) = (1% 5t,t>— 16t ). At what time is the speed a

minimum?
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Suppose that the position function for an object in three (O %4’: X7’+U T

dimensions is given by the equation
r(f) = tcos(N)i+ rsin(r)j + 3rk.
— — Sepens?

199. Show that the particle moves on a circular cone.
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200. Find the angle between the velocity and acceleration ( — < {: L _(: _L .é 7
vectors when 7 = 1.5. - t) - 7 / 2l t/ 3
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Definition

A function of two variables z = f(x, y) maps each ordered pair (x, y) in a subset D of the real plane R? to a

unique real number z. The set D is called the domain of the function. The range of f is the set of all real numbers
z that has at least one ordered pair (x, y) € D such that f(x. y) = z as shown in the following figure.
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@ 4.1 Find the domain and range of the function f(x, y) = '\36 — 9x2 _ 2)12. UPPZf L‘ﬂ (f 0; '{‘{/Le
- .
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The graph of a function z = (x, y) of two variables is called a surface.

z=1fx,y) =16 — (x —3)2— (y — 2)?

952

z=9g(x.y) =9 - x*—y?

z = f(x,y) = X% + y?




Definition

Given a function f(x, y) and a number ¢ in the range of f, a level curve of a function of two variables for the

value ¢ is defined to be the set of points satisfying the equation f(x, y) = c. z= dﬁ_-(sg tj)

A graph of the various level curves of a function is called a contour map. '£'|¥ Z




@ 4.2 Find and graph the level curve of the function g(x, y) = X%+ y — 6x + 2y corresponding to ¢ = 15.
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Definition

Consider a function z = f(x, y) with domain D C R?. A vertical trace of the function can be either the set of points

that solves the equation f (éz, y) = z for a given constant x = a or f(x, b) = z for a given constant y = b.
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@ 4.3  Determine the equation of the vertical trace of the function g(x, y) = —xz—y2+2x+4y—1

corresponding to y=3 3, and describe its graph.
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Domains for Functions of Three Variables
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@ 4.4 Find the domain of the function A(x, y, 1) = (31 — 6)'\,y 4x2 + 4.
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Definition

Given a function f(x, y, z) and a number ¢ in the range of f, a level surface of a function of three variables is

e ——

defined to be the set of points satisfying the equation f(x, y. z) = (?

@ 4.5 Find the equation of the level surface of the function
g(x, v, 7) = x° +y +7° —2x+4y—6z = Z

corresponding to ¢ = 2, and describe the surface, if possible.

(¥ HUTQ ¥ (%"3)%1-*‘(—-6 =7
(X"' ‘f'(d-l—@) -[—(-2;"?\ 4{ SPM oi ro(cllusq
candered ot (4,- ~7,%)



For the following exercises, find the domain of the
function.

5. Vix, y) = 4x> + y2

6. flx,y)=|x2+yi—4



Find the range of the functions.

1. glx, y)= ’\.n"lll6—4x2—y2 0< '24 q V“"ljf 5 [-Of 4.]
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Sketch the following by finding the level curves. Verify the
graph using technology.

43, flx, y)=2—1x2+y?



Sketch the following by finding the level curves. Verify the
graph using technology.

45. z = cos'\.-"llx2 +y2






