4.6 | Directional Derivatives and the Gradient
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Definition

Suppose z = f(x, y) is a function of two variables with a domain of D. Let (a,b) € D and define

u = cos A1 + sin @j. Then the directional derivative of f in the direction of u is given by
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Theorem 4.12: Directional Derivative of a Function of Two Variables

LLet z= f(x.y) be a function of two variables xandy, and assume that f, and f, exist. Then the directional
——-\_'/-_'
derivative of f in the direction of u = cos 61 + sin 6] is given by
D (X, y) = f:(x, 1){.059—!—f1 X, y)sin 6. ()Agé'l/ (4.37)
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Gradient

Definition

Let z= f(x, y) be a function of xandy such that fy and f, exist. The vector V f(x, y) is called the gradient of

f and is defined as ___,%..
VI, y) = fr(x i+ fy(x, )] (4.39)

The vector V f(x, y) is also written as “grad f.”
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@» 4.29  Find the gradient V f(x, y) of f(x, y) = (x* - 3.»*%1 + ).
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Theorem 4.13: Properties of the Gradient

Suppose the function z = f(x, y) is differentiable at (x. yy) (Figure 4.41).
. If Vf(xg, yg) =0. then Dy f(x(. yo) =0 for any unit vector u.

. If V f(xg. yo) #0, then Dy f(xq. yo) is maximized when u points in the same direction as V f(xg. y).

The maximum value of Dy f(xg, vo) is || V f(xg. yo) || . I(ll" ...-1,

ii. If V f(xg. yg) #0. then Dy f(xqy, yo) is minimized when u points in the opposite direction from
V f(xg, ¥o)- The minimum value of Dy, f(xq, yo) is = || V f(xo. o) || - e - { 80"
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Figure 4.41 The gradient indicates the maximum and minimum values of the
directional derivative at a point. ge———
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Gradients and Level Curves 7= mné}qn-{-
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Define g(7) = flx(#), y(#)) and calculate g’(#) on the level curve. By the chain Rule,

h F

g (1) = fy(x(2), y(O)x' (1) + f:v (x(2), y(2))y’ (1)
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Theorem 4.14: Gradient Is Normal t vsl Curve

Suppose the function z = f(x. y) has continuous first-order partial derivatives in an open disk centered at a point

(X0- yo)- It V f(xg, yo) #0. then V f(xq, yg) is nfo_IEE_l_,to the level curve of f at (xq. yq)-
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57 431  For the function f(x, y) =x~—2xy+ 5y~ 4 3x —2y+ 4. find the tangent to the level curve at point

(1, 1). Draw the graph of the level curve corresponding to ]_‘,1_\_}__—_23 and draw V f(1, 1) and a tangent
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