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Volumes and Double Integrals

R=/|a, bl|¥Xlec.d]= {(.-1‘. y) € Rjkr <x<b, cLy<Zd,

z)

Figure 5.2 The graph of f(x, y) over the re¢tangle R in the

xVy -plane is a curved surface.
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Definition

The double integral of the function f(x, y) over the rWR in the xy -plane is defined as

n
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Assume that the functions f(x. y) and g(x, y) are integrable over the rectangular region R; S and T are subregions of

R: and assume that m and M are real numbers.

. The sum f(x. y)+ g(x, y) is integrable and

jf (x, y) + 8(x. A = [ f(x, y)dA+ [ g(x, y)dA.
R R

ii. If cis a constant, thenéc;f(x. y) is integrable and
[ cf(x, y)dA =c [| f(x, y)dA.
oo rin=5
ii. f R=SUT and SNT = @ exceptan overlap on the boundaries, then
—_—
I f(x, ydA = || f(x, )dA+ [| f(x, y)dA.
R S T
iv. If f(x, y)y2=g(x,y) for (x,y) in R, then
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I fix. V)dAZ JI g(x, y)dA
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BXAR) <[] flx. y)dA < Mx A(R).
2 R

vi. In the case where f(x, y) can be factored as a product of a function g(x) of x only and a function A(y) of

—

v. If m< f(x,y) <M, then 0‘(;?“
MmN May

y only, then over the region R = {(x, y)la £ x < b, ¢ < y < d|. the double integral can be written as
ﬁ %
b

d
|| f(x, y)dA = [ f g(x)dx [ f l?(}f)d_v].
a C
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Assume a, b, ¢, and d are real numbers. We define an iterated integral for a function f(x, y) over the rectangular

region R = [a, b] X [c, d] as

a.
!J d b i d ] ( 5 | 2)
f(x. y)dy dx = f(x, y)dy ldx
b.

d b Al b - (5.3)
\lj f\- [ [ fx, yydxdy = f [ fix, yyx fdy.
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| heorem 5.2: Fubini’'s Theorem

Suppose that f(x.y) is a function of two variables that is continuous over a rectangular region
. #, . . . .
o= {(.r.. yERla<x<b c<Ly< (l}. Then we see from Figure 5.7 that the double integral of f over the region

equals an iterated integral, ﬂ

A

b d d b
// f(x. y)dA = /f f(x, ydxdy = f f f(x. y)dydx = / f f(x, y)dxdy.
R il R a ¢C = ’ C s .

More generally, Fubini’s theorem is true if f is bounded on R and f is discontinuous only on a finite number of

continuous curves. In other words, f has to be integrable over R.
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@#’ 3.2 3. Use the properties of the double integral and Fubini’s theorem to evaluate the integral
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Definition

The area of the region R is given by A(R) = /R[ iffﬂ- f()(/lj):- 1. - Aﬂ’j A* VJMMC :A'r@’\

In the following exercises, evaluate the iterated integrals by ZX
choosing the order of integration.,b 4' Q’l ({.,. i)) - _r
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hf’ 3.5  Find the volume of the solid bounded above by the graph of f(x, y) = xy Hiﬂ(.l.‘?'}') and below by the xy

-plane on the rectangular l*eg’i:m R =0, 1] x [0, x]. Wn Q‘
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Definition Eﬂ'bl

The average value of a function of two variables over a region R is #’

. _ 1 YO
fa\«'E‘ = Area R é]- f(l ) )dA.

In the following exercises, find the average value of the function over the given rectangles.

36. f(x, y)=x1+2y°, R=][l,2]x]2, 3] A(ﬂ*""‘i




5.2 | Double Integrals over General Regions

Definition

A region D in the (x. y)-plane is of Type I if it lies between two vertical lines and the graphs of two continuous

functions g, (x) and g,(x). Thatis (Figure 5.13),
D={(x,yla<x<b g;(x) <y<grx)

A region D in the xy plane is of Type II if it lies between two horizontal lines and the graphs of two continuous

functions h(y) and h, (y). That is (Figure 5.14),

D={xycy<d h{(y)<x<hy,(y)\
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=7 9.7 Consider the region in the first quadrant between the functions y = 2x and y = x~. Describe the region

first as Type I and then as Type II. y':'-q,)(
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Suppose g(x. y) is the extension to the rectangle R of the function f(x. y) defined on the regions D and R as

shown in Figure 5.12 inside R. Then g(x, y) is integrable and we define the double integral of f(x, y) over D by

// | f(x, y)dA = // g(x, y)dA.
D R

Theorem 5.4: Fubinl’'s Theorem (Strong Form)
For a function f(x, y) that is continuous on a region D of Type I, we have Uje— M (—l‘ 0"3?,
b [82(x) i (5.9)
I fx. ydA = [| f(x, y)dydx = f %"{L y)dy |d _‘ 61‘-‘

- e - -TW Orﬁl—('/ é’l‘lﬁn

Similarly, for a function f(x, y) that is continuous on a region D of Type II, we have g },\
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Evaluating an lterated Integral over a Type |l Region

Evaluate the integral // (3-1:2 + yz)dA wher&,b= {(-r, W|-2K5£3, -3 €<y + 3}.
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5.8 Sketch the region D and evaluate the iterated integral // xydydx where D is the region bounded by
D

the curves y = cosx and y = sin x in the interval [—-3xz/4, n/4].
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Theorem 5.5: Decomposing Regions into Smaller Regions

Suppose the region D can be expressed as D =D;UD, where D, and D, do not overlap except at their

- h
boundaries. Then

/ff(’r Y)dA = // fx, y)dA + // F(x. y)dA. (5.7)
D )
&= 5.9 Consider the region bounded by the curves 1 = Inx and 1 = ¢ in the interval [1, 2]. Decompose the

region into smaller 1eg1r:ms of Type I1.

Ty TJT‘I 1E X< <2, Iaxgy< A
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